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Abstract
In this note we describe a method to calculate the action of a particular Fourier-
Mukai transformation on a basis of brane charges on elliptically fibered Calabi-Yau
threefolds with and without a section. The Fourier-Mukai kernel is the ideal sheaf
of the relative diagonal and for fibrations that admit a section this is essentially the
Poincar sheaf. We find that in this case it induces an action of the modular group on
the charges of 2-branes.
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1 Introduction
F-theory on elliptically fibered Calabi-Yau varieties is one of the richest sources of semi-
realistic string compactifications [1, 2, 3]. This is facilitated by the fact that the vast
majority of known Calabi-Yau threefolds seem to be elliptically fibered [4, 5, 6] and that
elliptically fibered Calabi-Yau n-folds with desirable properties can be engineered using
tools from toric geometry [7, 8]. In this way F-theory leads to a rich dictionary between
the geometric and arithmetic structure of elliptic fibrations on one side and properties of
effective theories of quantum gravity on the other.
In particular, the dictionary relates the topological string partition function which en-
codes enumerative invariants of the Calabi-Yau to the elliptic genera of certain strings. The
latter arise from D3-branes that wrap curves in the base of the fibration. From the transfor-
mation of elliptic genera under Dehn twists of the worldsheet one can then deduce that the
topological string partition function should exhibit certain modular properties [9, 10, 11, 12].
The details of the relation between geometric properties of the Calabi-Yau and modular
properties of the elliptic genera have recently been used to provide highly non-trivial evi-
dence for a set of “swampland conjecture” [13, 14]. The swampland program is an ongoing
effort to understand the sine qua non of quantum field theories that can consistently be
embedded into theories of quantum gravity.
However, modular properties of the genus zero contribution to the topological string
partition function on elliptically fibered Calabi-Yau threefolds have already been observed
in [15]. There it arose in the context of mirror symmetry.
Mirror symmetry relates the periods over the holomorphic (3, 0)-form on a Calabi-Yau
W to the leading part of the A-model topological string partition function on the mirrorM .
Moreover, a subset of the periods can be used as flat coordinates on the complex structure
moduli space of W that provide a local identification with the (quantum) Ka¨hler moduli
space ofM . The authors of [15] determined the full complex structure monodromy group for
the mirror of X18, a degree 18 hypersurface in the weighted projective space P(1, 1, 1, 6, 9).
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Two monodromies T, S act on the flat coordinate τ that is under mirror symmetry identified
with the complexified volume of the fiber of X18 via
T : τ 7→ τ + 1 , S : τ 7→ −
1
τ
. (1.1)
An appropriate combination of flat coordinates t = t˜ + 32τ where t is identified with the
volume of a curve in the base of the fibration transforms in the limit of large base as
T : t 7→ t+
3
2
, S : t 7→ t−
3
2
. (1.2)
From this action they were able to deduce that the Yukawa-coupling Cτττ is in the limit
Imt→∞ proportional to the Eisenstein series E4(τ).
In subsequent works the understanding of the modular properties of the topological
string partition function on non-compact [16, 17] and compact elliptic fibrations has been
significantly improved upon [18, 19]. Most importantly it was found that the modular
structure extends to arbitary base degree and that the holomorphic anomaly equations
found by [20] imply a “modular recursion” in terms of the base degree and the worldsheet
genus. A culmination of this effort was the HKK-conjecture which states that the topological
string partition function on X18 can be expanded in particular quotients of weak Jacobi
forms [21] (see also [22, 23, 24] for a mathematical discussion and a partial proof). In
particular it was argued that the appearance of weak Jacobi forms is a consequence of the
action (1.1), (1.2) and the modular anomaly equation [21, 25]. Exploiting this structure it
was possible to obtain the first all-genus results for compact Calabi-Yau varieties [21].
Until recently the study of modular properties of the topological string partition function
on elliptic Calabi-Yau has mostly been restricted to geometries that have only one section
and where the rest of the divisors arise form pull-backs of curves in the base. Further gen-
eralizations addressed geometries with divisors that resolve curves of ADE-singularities [26]
and with multiple sections [13, 14]. However, these relied exclusively on the intricate duality
with elliptic genera of strings and did not connect to the monodromies of the Calabi-Yau.
Part of the reason is perhaps that a detailed study of the monodromies of multi-moduli
families of Calabi-Yau varieties is rather cumbersome.
A shortcut is provided by the homological mirror symmetry conjecture [27] which states
that mirror symmetry identifies the category of B-branes on a Calabi-Yau M with the
category of A-branes on the mirror W . In particular the central charges of a mirror pair of
branes should be identified via the mirror map. A-branes correspond to special lagrangian
cycles inW and the central charge of an A-brane is given by the integral of the holomorphic
(3, 0)-form over the cycle that supports the brane. On the other hand, B-branes on M are
objects in the bounded derived category of quasi-coherent sheaves Db(M). Monodromies
in the complex structure moduli space of W act on the A-branes on W and thus, via
mirror symmetry, on the B-branes on M . The homological mirror symmetry conjecture
also proposes that the action of the monodromies lift to an autoequivalence of Db(M).
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A theorem by Orlov [28] states that equivalences of derived categories Db(X),Db(Y )
are always expressible as Fourier-Mukai transformations
ΦE : F
• 7→ Rπ1∗ (E ⊗L Lπ
∗
2F
•) , (1.3)
where πi, i = 1, 2 are the projections from Y ×X to the i-th factor and the so-called Fourier-
Mukai kernel E is a sheaf on Y ×X. The letters L and R indicate that the corresponding
derived version of a functor is to be taken. Autoequivalences correspond to the special case
X = Y . Using the Grothendieck-Riemann-Roch theorem one can relate the transformation
(1.3) to an action on the brane charges in cohomology [29]. For several important B-
model monodromies the corresponding Fourier-Mukai kernel is known to be of a generic
form which in principal allows one to calculate the corresponding action on the branes.
Most prominently the kernel that corresponds to a monodromy around the generic point
of the principal component of the discriminant is conjectured to be the ideal sheaf of the
diagonal [30, 31].
In fact, the T transformation in (1.1),(1.2) is a large volume/large complex structure
monodromy and the kernel is j∗O(τ). The result of the corresponding action (1.3) on a
complex of sheaves F ∈ Db(X18) is just F ⊗O(τ). On the other hand, the autoequivalence
of Db(X18) that leads to the S transformation is significantly more interesting. It can be
written as a relative Fourier-Mukai transformation where the projections in (1.3) refer to
the relative fiber product X ×B X. The corresponding kernel is the Poincar sheaf [32, 33]
P = I∆ ⊗ π
∗
1OX18(τ)⊗ π
∗
2OX18(τ)⊗ q
∗c1(B) , (1.4)
where q is the projection fromX×BX to B and I∆ is the ideal sheaf of the relative diagonal.
The transformation induced by the Poincar sheaf can intuitively be interpreted as T-
dualizing both cycles of the fiber. It is also the transformation that underlies the spectral
cover construction introduced in [34]. The action on elliptic fibrations with one section and
without reducible fibers has been discussed on several occasions in the literature, see e.g.
the recent paper [35]. However, we are not aware of any explicit calculation in the context
of elliptic fibrations with multiple sections, additional fibral divisors or only multi-sections.
This applies in particular to the induced action on the flat coordinates.
Before we make an attempt to remedy this situation let us first replace the kernel (1.4)
with an object that is also available for fibrations without a section. To this end we note
that the tensor product with line bundles is essentially a choice of normalization and can
be compensated by large volume monodromies. The non-trivial part of the transformation
is therefore induced by the ideal sheaf I∆ of the relative diagonal. Indeed it was proven
that I∆ induces an auto-equivalence of the derived category for arbitrary genus one fibra-
tions [36]. We will therefore focus on calculating the action that is induced by I∆ on the
brane charges. In analogy with the ordinary conifold monodromy we will call this a relative
conifold transformation.
One technical hurdle that has to be overcome is due to singularities. While we will
always assume that the Calabi-Yau itself is smooth this does not hold for all fibers. A
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generalization of the Grothendieck-Riemann-Roch theorem to singular varieties has been
obtained by Fulton [37]. It was used in [32, 33] to obtain the action that is induced by
the Poincar sheaf on a basis of brane charges on a general elliptic Calabi-Yau X without
reducible fibers. However, the calculation relies on the isomorphism between X and the
corresponding Weierstrass fibration. This is because the singular Grothendieck-Riemann-
Roch theorem requires the fibration X to be a local complete intersection morphism (l.c.i.)
in the sense of [37]. For a smooth Weierstrass fibration π : X → B can be factored into an
inclusion into a P(1, 2, 3) fibration over B followed by the corresponding projection onto B
which makes π an l.c.i. morphism.
We will overcome this problem by constructing the fibrations from fibers that are hyper-
surfaces in more general toric ambient spaces. The price will be that for different structures
of the fibration we have to perform the calculation using a different ambient space. Our
strategy is therefore to explain the calculation at the hand of two examples and highlight
the aspects that are generic. The calculation can then easily be adapted to other families of
fibers and even to complete intersections in higher dimensional toric ambient spaces. The
vast amount of fibration structures that can be constructed already from toric hypersur-
faces [8] and complete intersections in three dimensional toric ambient spaces [38, 39] makes
us confident that we have little loss of generality.
After discussing the examples we will calculate the action of the transformation on the 2-
brane charges for arbitrary elliptically fibered Calabi-Yau varieties that can be constructed
in the previously described manner. This leads to a generalization of the transformations
(1.1) and (1.2) (see equation (3.16)). If the geometry admits a section we find that the
volume of the fiber transforms like a modular parameter while the volumes of rational fibral
curves transform like elliptic parameters of a Jacobi form. The exponential of appropriately
shifted base parameters transforms, up to a multiplier system, like a lattice Jacobi form
of weight 0. The index matrix is block diagonal such that the volumes of isolated fibral
curves and fibers of fibral divisors do not mix. The indices of the former correspond to the
height pairing between the sections while the indices of the latter are essentially given by
the intersection of the corresponding fibral divisors.
In a companion paper that is currently being finalized we will also study the modular
anomaly equation [40]. Combined with the transformations that are obtained in this note
we will argue that the coefficients in an expansion of the topological string partition function
with respect to appropriately shifted base parameters are weak Jacobi forms of weight 0.
The index matrix with respect to the volumes of fibral curves will be determined by the
index matrix of the corresponding power of exponentiated base parameters. This confirms
and generalizes a conjecture that has been made by [13, 14] about the properties of the
topological string partition function on elliptic fibrations with multiple sections. In [40] we
will also discuss the action on the 2-brane charges for elliptic fibrations without a section.
The title of this note still needs justification. While it is conjectured that every mon-
odromy lifts to an autoequivalence of the derived category the converse does not hold in
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general. In the case of the quintic the shift functor F 7→ F [1] is not the lift of a monodromy,
only the shift-by-two functor is [41]. However, for X18 it is known that the relative conifold
transformation arises from the wall monodromy around the boundary between the geomet-
ric phase and a hybrid phase where the fiber collapses [30, 42]. We verified this fact for X18
and an elliptic fibration without a section using matrix factorization techniques in gauged
linear sigma models [43]. Using the relation between the wall monodromy, the large volume
monodromies and the monodromy around a generic point on the principal component of
the discriminant [42] we also checked this for several geometries with reducible fibers. We
conjecture that this relation is general and that the relative conifold transformation always
arises from a wall monodromy around the boundary between the geometric phase and a
hybrid phase where the fiber collapses.
Let us finally note that we use the term elliptic fibration without implying the existence
of a section. We will occasionally use the F-theory dictionary to interpret geometrical
properties in terms of the effective quantum field theory. A recent review is [44]. Moreover,
we will adopt the following nomenclature that is frequently used in the F-theory literature:
A fibral divisor is a rational fibration that resolves a singularity in the fiber. A fibral curve
is a rational curve with support over a point in the base. Vertical divisors are pull-backs of
divisors from the base.
2 Calculating the relative conifold transformation
In this section we will give a detailed explanation of how the action of the relative conifold
transformation on the brane charges can be calculated. We think that it is best to do this
at the hand of two examples. To this end we use the techniques from [8] and construct
elliptic fibrations with I2 fibers over arbitary bases B. The toric construction of the fiber
will automatically lead to a toric resolution of the singularity. Over a curve in the base
the fibers of the resulting fibrations are reducible and consist of two rational curves that
intersect like the affine Dynkin diagram of SU(2). Our second example will also exhibit
isolated fibral curves.
For a short introduction to toric geometry we recommend [45]. A review on B-branes
can be found in [46]. Note however that the discussion of central charges in [46] predates
the Γ-class formula [47] that we use in section 3).
2.1 G = SU(2)/Z2 , #nF = 0
As our first example we construct families of elliptic Calabi-Yau threefolds with a curve
of SU(2) singularities and without additional hypermultiplets in the fundamental repre-
sentation that would arise from isolated fibral curves. To this end we consider a generic
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hypersurface in the partially resolved toric ambient space PF13 with the data
C1F C
2
F



e5 −1 −2 1 0 ← zero-section E1
e4 −1 2 −1 1 ← torsional section E2
v 0 1 4 −2 ← fibral divisor Df
w 1 0 0 1 ← two-section
0 0 −4 0
. (2.1)
On the left we provide the generators of the rays of the toric fan. On the right are the
corresponding intersections with a set of curves C1F , C
2
F that generate the Mori cone on
PF13 . The Stanley-Reisner ideal is
SRI = 〈ve5, we4〉 . (2.2)
To obtain an elliptic fibration M we promote the homogeneous coordinates e5, e4, v, w to
sections of line bundles over a base B and consider vanishing loci of sections of the anti-
canonical bundle in the total space P̂F13 → B. We assume that B is a surface that does not
introduce additional singularities from curves with self-intersection greater than two. We
will also assume that the Mori cone of B is simplicial. The techniques apply equally well
to the non-simplicial case but this assumption allows us to write down generic formulas.
Roughly following the conventions of [8] we denote the corresponding divisor classes by
[v] =2E1 − 2E2 + c1(B)− S7 , [w] = E1 + E2 + c1(B)− S9 ,
[e4] =E2 , [e5] = E1 .
(2.3)
Here we have used the torus action to make e4 and e5 sections of the trivial bundle and
S7,S9 are the first Chern classes of line bundles on B. We also introduced c1(B) to denote
the pull-back of the first Chern class of the tangent bundle of B to M . A generic section of
the anti-canonical bundle on PF13 is of the form
pF13 = s1e
4
5 + s2e
2
4e
2
5v + s3e
4
4v
2 + s6e4e5vw + s9vw
2 , (2.4)
and for M to be Calabi-Yau we have to promote the coefficients si, i ∈ {1, 2, 3, 6, 9} to
sections of the bundles
[s1] =3c1(B)− S7 − S9 , [s2] = 2c1(B)− S9 , [s3] = c1(B) + S7 − S9 ,
[s6] =c1(B) , [s9] = S9 .
(2.5)
Degenerations of the fiber over loci of codimension one and two in B have been classified in
[8]. Using that classification it is easy to check that for S7 = −c1(B),S9 = 0 the Calabi-Yau
M will be smooth.
There is a genus g = 1 + 6c1(B)
2 curve CG of I2 fibers that are resolved by the fibral
divisor Df . We will denote the two components of a generic fiber over CG by CA and CB .
The fibration also exhibits two holomorphic sections {e5 = 0} and {e4 = 0} that respectively
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intersect CA and CB . We choose {e5 = 0} with [e5] = E1 to be the zero-section and then
{e4 = 0} is an order two generator of the Mordell-Weil group. It is a consequence of the
torsional section that there are no hypermultiplets in the fundamental representation that
would arise from isolated fibral curves over CG [48, 49].
The fact that {e4 = 0} and {e5 = 0} are holomorphic sections implies also that
E21 = −c1(B)E1 , E
2
2 = −c1(B)E2 , (2.6)
and from (2.4), s9 = 1 and the Stanley-Reisner ideal of PF13 it follows that E1 ·E2 = 0. We
denote the intersections on B by
cij =
∫
B
Di ·Dj . (2.7)
Together this determines the intersections on M . For later convenience let us denote the
curve on B that is dual to D˜i by C
i, i.e.
D˜i · C
j = δji . (2.8)
for i, j = 1, ..., h1,1(B) and introduce
a =
∫
B
c1(B)
2 , ai =
∫
B
c1(B) · C
i , ai =
∫
B
c1(B) · D˜i. (2.9)
We will now construct a set of branes in Db(M) such that the central charges generate
the charge lattice. As the six-brane we use the structure sheaf OM onM . From the Shioda-
Tate-Wazir theorem [50] we know that H1,1(M) is generated by E1, E2 and the vertical
divisors Di with
Di = π
∗D˜i for i = 1, ..., h
1,1(B) , (2.10)
where the D˜i form a basis of H
1,1(B). To construct four-branes we then use the standard
short exact sequence for Cartier divisors which implies
OD ∼ OM (−D)→ OM , (2.11)
as elements of the derived category and take the free resolutions ofOD forD ∈ {E1, E2,Di, i =
1, ..., h1,1(B)}. As a basis of 2-branes on M we consider the curves CF = CA+CB , CB and
Ci = E1 ·Di, i = 1, ..., h
1,1(B) and the corresponding K-theoretic push-forwards [51]
C• = ι!OC(K
1/2
C ) . (2.12)
Zero-branes are described by skyscraper sheaves Op with support on some point p ∈ M .
The corresponding Chern characters are
ch(OM ) =1 , ch(OD) = 1− exp(−D) ,
ch(C•) =C , ch(Op) = V ,
(2.13)
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where V is the fundamental class of M .
To calculate the action of the relative Fourier-Mukai transforms we follow [33] and
generalize the calculation to geometries with reducible fibers. To this end it will be crucial
that we constructed M in an ambient space P̂F13 that consists of a toric variety fibered over
the base B and therefore i : M →֒ P̂F13 is a local complete intersection (l.c.i.) morphism
in the sense of [37]. This implies that the action of a relative Fourier-Mukai transform ΦE
over B with kernel E on the Chern character of a brane F• is given by
ch (Φ(F•)) = π1,∗
[
ch(E)π∗2
(
ch(F•) · Td
(
TM/B
))]
. (2.14)
Here the projections correspond to the diagram
M ×B M
pi1

pi2
//
p
$$
❏
❏
❏
❏
❏
❏
❏
❏
❏
❏
M
pi

M
pi
// B
, (2.15)
and TM/B is the so-called virtual relative tangent bundle of π :M → B.
The latter is not an actual bundle but one can associate to it the K-class
[TM/B ] = [i
∗TP/B ]− [NM/P ] . (2.16)
We calculate the corresponding Chern class
c(TM/B) =
(1 + E1)(1 + E2)(1 + 2E1 − 2E2 + 2c1(B)(1 + E1 + E2 + c1(B))
1 + 4E1 + 4c1(B)
, (2.17)
and from this
Td
(
TM/B
)
= 1−
1
2
c1(B) +
1
12
c1(B)(7c1(B) + 6E1 + 6E2)−
1
2
c1(B)
2E1 . (2.18)
Note that the leading behaviour Td
(
TM/B
)
= 1− 12c1(B) + . . . is an inherent consequence
of the construction and independent of the particular class of fibers.
We now specialize to the case where E = I∆ is the ideal sheaf of the relative diagonal
δ :M →֒M ×B M . Let us first note that [33]
ch(I∆) = 1− ch(δ∗OM ) (2.19)
and use singular Riemann-Roch [37, 33] to obtain
ch(δ∗OM )Td(M ×B M) = δ∗(ch(OM )Td(M)) . (2.20)
Then we get the result
ch (Φ(F•)) = ch(F•)− π2,∗
[
π∗1
(
ch(F•)Td(TM/B)
)]
. (2.21)
The second term in (2.21) can be evaluated by noting that the push-forward operation in
cohomology is adjoint to the pull-back. It is easisest to describe the corresponding action
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on the dual cycles. The pull-back along π∗1 transforms the dual cycle of a form into a cycle
that wraps the “left” fiber of M ×B M and π2,∗ projects out forms where the dual cycle is
not pointlike on the “right” fiber. In other words the action is
π2,∗π
∗
1 :


1 7→ 0 ,
E1 7→ 1, E2 7→ 1 , Di 7→ 0, i = 1, ..., h
1,1(B) ,
CF 7→ 0 , CB 7→ 0 , Ci 7→ Di, i = 1, ..., h
1,1(B) ,
V 7→ CF
. (2.22)
With this we can finally write down the action of ΦI∆ on our basis of branes. To this
end we arrange the charges into a vector
~Π =
(
ch(OM ), ch(OE1), ch(OE2), ch(OD1), . . . , ch
(
OD
h1,1(B)
)
,
ch(C•1), . . . , ch
(
C•h1,1(B)
)
, ch (C•F ) , ch (C
•
B) , ch(Op)
)
,
(2.23)
and find that ΦI∆ :
~Π 7→ S · ~Π, with
S =
OM OE1 OE2 ODi C
•
i C
•
F C
•
B Op



1 0 0 −ai 0 a˜ 0 0 OM
−1 1 0 0 0 0 0 0 OE1
−1 0 1 0 0 0 0 0 OE2
0 0 0 δij 0 −aj 0 0 ODj
0 0 0 −1 1 12(aj − cjj) 0 0 C
•
j
0 0 0 0 0 1 0 0 C•F
0 0 0 0 0 0 1 0 C•B
0 0 0 0 0 −1 0 1 Op
. (2.24)
where we introduced a˜ = 12 (a− a
mcmm).
2.2 G = SU(2) , #nF = 8c1(B)
2
As a second example we will now calculate the transformation for Calabi-Yau threefolds with
a curve of SU(2) singularities and with hypermultiplets in the fundamental representation.
The toric ambient space of the fiber will be PF10 with the data
C1F C
2
F



e3 −1 −2 −1 1 ← holomorphic section E1
v −1 1 1 0 ← two-section E2
w 1 0 0 1 ← three-section
u 0 −1 3 −2 ← fibral divisor Df
0 0 −3 0
. (2.25)
and we promote this to a fibration over a surface B by letting the homogeneous coordinates
be sections of line bundles on B. The Stanley-Reisner ideal is
SRI = 〈vu, we3〉. (2.26)
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Following [8] we parametrize the classes of the homogeneous coordinates again by S7,S9 ∈
H1,1(B) such that
[u] =E2 − 2E1 + S7 − c1(B) , [v] = E2 ,
[w] =E1 + E2 − S9 + S7 , [e3] = E1 .
(2.27)
The generic section of the anti-canonical bundle on the total space P̂F10 reads
pF10 = s1e
6
3u
3 + s2e
4
3u
2v + s3e
2
3uv
2 + s4v
3 + s5e
3
3u
2w + s6e3uvw + s8uw
2 , (2.28)
and the Calabi-Yau condition forces [8]
[s1] =3c1(B)− S7 − S9 , [s2] = 2c1(B)− S9 , [s3] = c1(B) + S7 − S9 ,
[s4] =2S7 − S9 , [s5] = 2c1(B)− S7 , [s6] = c1(B) , [s8] = c1(B) + S9 − S7 .
(2.29)
For S7 = c1(B), S9 = 0 the ambient space does not have to be resolved any further
and we obtain a Calabi-Yau M with the desired properties. In particular there is a genus
g = 1 + c1(B)
2 curve CG of I2 fibers that are resolved by the fibral divisor Df . Again we
will denote the components of the generic fiber over CG by CA and CB such that CA is
transversely intersected by E1. The two-section {v = 0} with [v] = E2 will intersect each of
the components CA and CB once. Over 8c1(B)
2 points on CG the fiber degenerates further
into an I3 configuration. In an F-theory compactification this leads to a corresponding
number of hypermultiplets in the fundamental representation of SU(2).
We will denote the generic fiber of M by CF = CA + CB. As a basis for H
1,1(M) we
choose E1, E2 and the vertical divisors Di = π
∗D˜i, i = 1, ..., h
1,1(B). The intersections are
determined by
E21 = −c1(B)E1 , E1E2 = E
2
2 = 0 , (2.30)
and by the intersections on the base. For the latter we use the notations that were introduced
in the first example. The Chern class of the virtual relative tangent bundle is now
c(TM/B) =
(1 + E1)(1 + E2)(1 +E1 + E2 + c1(B))(1 + E2 − 2E1)
1 + 3E2 + 2c1(B)
, (2.31)
and we calculate the corresponding Todd class
Td
(
TM/B
)
= 1−
1
2
c1(B) +
1
12
c1(B)(3c1(B) + 2E1 + 5E2)−
1
2
c1(B)
2E1 . (2.32)
We choose our basis of branes
~Π =
(
ch(OM ), ch(OE1), ch(OE2), ch(OD1), . . . , ch
(
OD
h1,1(B)
)
,
ch(C•1), . . . , ch
(
C•h1,1(B)
)
, ch (C•F ) , ch (C
•
B) , ch(Op)
)
,
(2.33)
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and find that ΦI∆ :
~Π 7→ S · ~Π, with
S =
OM OE1 OE2 ODi C
•
i C
•
F C
•
B Op



1 0 0 −ai 0 a˜ 0 0 OM
−1 1 0 0 0 0 0 0 OE1
−2 0 1 ai 0 −a˜ 0 0 OE2
0 0 0 δij 0 −aj 0 0 ODj
0 0 0 −1 1 12(aj − cjj) 0 0 C
•
j
0 0 0 0 0 1 0 0 C•F
0 0 0 0 0 0 1 0 C•B
0 0 0 0 0 −1 0 1 Op
. (2.34)
where we introduced a˜ = 12 (a− a
mcmm).
3 Modularity from monodromy
We now want to show that the relative conifold transformations lead to an action of the
modular group on the flat coordinates. In this section we will refer to a general elliptic
Calabi-Yau threefold that is compatible with our construction by M . We stress that this
discussion is not restricted to the examples that we discussed in the previous section.
From the definition of the virtual relative tangent bundle it is clear that the leading
terms of Td(TM/B) will always be
Td(TM/B) = 1−
1
2
c1(B) + . . . , (3.1)
up to terms of degree 2 or higher. This implies that the central charges of 2-branes wrapping
fibral curves will always be unaffected by this transformation. On the other hand 2-branes
that wrap curves in the base will transform into a bound-state of the 2-brane itself, a 4-
brane wrapping the corresponding vertical divisor and a certain number of 2-branes that
wrap the generic fiber of the fibration. More precisely one finds that
Φ : ch(C•i ) 7→ ch(C
•
i )− ch(ODi) +
1
2
(ai − cii)ch(C
•
F ) . (3.2)
We stress that this is not restricted to our particular examples but follows in general from
(3.1). It will also be true in general that
Φ : ch(Op) 7→ ch(Op)− ch(C
•
F ) . (3.3)
The asymptotic behaviour of the central charge of a B-brane F• in the limit of large
volume can be calculated using the Γ-class formula [47]
Πasy(F
•) =
∫
M
eωΓC(M)(chF
•)∨ , (3.4)
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where in terms of the Chern classes c2, c3 of M
ΓC(M) = 1 +
1
24
c2 +
ζ(3)
(2πi)3
c3 . (3.5)
The action of the operator ∨ : ⊕kH
k,k(M) → ⊕kH
k,k(M) is linear and determined by
δ∨ 7→ (−1)iδ for δ ∈ H i,i(M). We also introduced the complexified Ka¨hler form ω that we
can expand as
ω =
h1,1(M)∑
i=1
tiDi , (3.6)
in terms of divisors Di ∈ H
1,1(M).
We will now assume that the fibration admits a section. It follows from the Shioda-
Tate-Wazir theorem [50] that H1,1(M) is generated by the zero section E0, the divisors
that correspond to free generators of the Mordell-Weil group Ei, i = 1, ..., k = rk(MW ),
exceptional divisorsDfi , i = 1, ..., g that resolve curves of singular fibers and vertical divisors
Di = π
∗D˜i, i = 1, ..., h
1,1(B). We also introduce E˜0 = E0 + c1(B) and the images under
the Shioda map
E˜i = σ(Ei) = Ei − E0 − c1(B)− π
−1π(Ei · E0) + D˜
f , (3.7)
where D˜f is a linear combination of fibral divisors such that E˜i ·D
f
j = 0 for all i = 1, ..., k
and j = 1, ..., g. The Shioda map is constructed such that the image is orthogonal to the
subspace generated by E˜0, the fibral divisors D
f
i and the vertical divisors Di [52]. We can
now expand the Ka¨hler form as
ω = τE˜0 +
k∑
i=1
miE˜i +
g∑
i=1
niDfi +
h1,1(B)∑
i=1
t˜iD′i, . (3.8)
such that the vertical divisors D′i are dual to the curves Ci = E0 · Di. Then τ is the
complexified volume of the generic fiber, mi are the volumes of isolated fibral curves and ni
are linear combinations of the volumes of fibers of fibral divisors.
From the previous discussion it follows that the complexified volume m of a fibral curve
transforms as
Φ : m 7→
m
1 + τ
. (3.9)
On the other hand, for a 2-brane that wraps a curve Ci = E0 ·Di we use (3.2) and find that
12
the central charge transforms as
Φ : t˜i 7→
1
1 + τ

(1 + τ)t˜i + 1
2
aiτ
2 +
1
2
τcii +
1
24
∫
M
c2(M)Di +
1
2
(ai − cii)τ
+
1
2
mamb
∫
E˜aE˜bD
′
i +
1
2
nanb
∫
DfaD
f
bD
′
i
)
=t˜i +
1
2
aiτ +
1
1 + τ
1
24
∫
M
c2(M)Di
+
1
2
1
1 + τ

mamb ∫
M
E˜aE˜bDi + n
anb
∫
M
DfaD
f
bDi

 ,
(3.10)
up to quantum corrections that are exponentially surpressed in the limit of large base 1.
To manifestly see the action of the modular group we twist the branes with the line
bundle O(−E˜0) before and after the transformation. Note that such a twist is generated
by the corresponding large volume monodromies and manifestly an autoequivalence of the
category of B-branes. We denote the resulting transformation by S and observe
S : τ 7→ −
1
τ
, t˜i 7→ t˜i +
1
2
ai(τ − 1) +
1
τ
c˜i
24
−
1
2
1
τ
(
mambCiab + n
anbC˜iab
)
, (3.11)
where we introduced
c˜i =
∫
M
c2(M)Di , C
i
ab = −
∫
M
E˜a · E˜c ·Di , C˜
i
ab = −
∫
M
DfaD
f
bDi . (3.12)
Here Ciab is the so-called height pairing of sections Ea and Eb. The complexified volume m
of any fibral curve transforms as
S : m 7→
m
τ
. (3.13)
In the examples that we presented one can easily calculate that
c˜i =
∫
M
c2(M)Di =
∫
B
c1(B)D˜i = ai , (3.14)
for any choice of base B. We do not know how to derive this relation in general but let us
assume that it holds. We can then introduce the shifted Ka¨hler moduli
ti = t˜i +
ai
2
τ , (3.15)
as well as the exponentials Qi = exp(2πiti) and find the result
S :


τ 7→ − 1τ
m 7→ mτ
Qi 7→ (−1)ai exp
(
− 1τ
(
mambCiab + n
anbC˜iab
))
Qi
. (3.16)
1This follows from the fact that the central charge of the 4-brane that is substracted in (3.2) is the partial
derivative of a prepotential with respect to the complexified volume of a curve in the base.
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Here m stands again for the complexified volume of any fibral curve. We see that the
volume of the generic fiber transforms like a modular parameter, the complexified volumes
of rational fibral curves transform like elliptic parameters and the exponentiated volumes
of base curves transform like lattice Jacobi forms of weight 0 and with index matrices Ciab
and C˜iab.
4 Conclusion
In this note we have explicitly calculated the action of a relative conifold transformation on a
basis of central charges of B-branes for two classes of elliptically fibered Calabi-Yau varieties.
In contrast to previous calculations in the literature our examples exhibit reducible fibers.
Moreover, an analogous calculation can be performed for any elliptically fibered Calabi-Yau
where the fiber is a complete intersection in a toric ambient space. In particular we do not
require the existence of a section.
From the explicit calculations we then deduced the action on the 2-brane charges of
arbitrary elliptically fibered Calabi-Yau threefolds of this type. The result depends on
whether the fibration admits a section or only k-sections. For geometries with a section we
found an action of the modular group. The volume of the fiber transforms like a modular
parameter while the volumes of rational fibral curves transform like elliptic parameters of
Jacobi forms. The exponential of appropriately shifted base parameters transforms up to a
multiplier system like a lattice Jacobi form of weight 0. The index matrix is block diagonal
such that the volumes of isolated fibral curves and fibers of fibral divisors do not mix. The
indices of the former correspond to the height pairing between the sections while the indices
of the latter are essentially given by the intersection of the corresponding fibral divisors.
In a companion paper that is currently being finalized we will, together with other
authors, connect this with the modular anomaly equations and to the modular properties
of the topological string partition function [40]. There we will also discuss the action on
the flat coordinates for elliptic fibrations that do not admit a section.
Apart from the relation to modular properties of the topological string partition func-
tion we expect that our results could also be useful in the context of the spectral cover
construction [34].
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